We show that a quantum system possessing an exact antilinear symmetry, in particular P T -symmetry, is equivalent to a quantum system having a Hermitian Hamiltonian.
treatment of P T -symmetry in finite-dimensions that clarifies some of the issues raised in [12] and shows that some of the claims made in [12] are not true. We also comment on the nature and possible advantages of non-Hermitian CP T -symmetric field theories.
First, we wish to point out that the results of [11] regarding the P T -symmetry of Hermitian Hamiltonians follows from the more general result that any diagonalizable pseudo-Hermitian
Hamiltonian is P T -symmetric where the P and T are the generalized parity and time-reversal operators, [8] . The definition of P and T used in [11] are originally given for arbitrary diagonalizable pseudo-Hermitian Hamiltonians in [8] ; they are Eqs. (77) and (78) of [8] . The statement that any Hermitian Hamiltonian is P T -symmetric is actually not surprising at all.
A simple corollary of Theorem 2 of [4] is that any Hermitian Hamiltonian has an antilinear symmetry. The proof of this theorem provides an explicit construction of such symmetries.
Among them are the (generalized) P T and CP T symmetries that are considered in great detail in [8] .
We start our analysis by considering a linear operator H ′ that acts in a complex vector space V and commutes with an invertible antilinear operator X ′ . Then as shown in [3] , the eigenvalues of H ′ are either real or come in complex-conjugate pairs. Furthermore, if we demand that all the eigenvectors of H ′ are also eigenvectors of X ′ , i.e., the symmetry generated by X ′ is exact, then the eigenvalues of H ′ are necessarily real. Now, let H be the (invariant) subspace of V spanned by the eigenvectors of H ′ . Then by construction the restriction H of H ′ to H will be diagonalizable, and the restriction X of X ′ to H will generate an exact symmetry of H.
Next, suppose that , is an arbitrary complete positive-definite inner product on H, so that H is endowed with the structure of a separable Hilbert space. Then H is a diagonalizable operator acting in H and having a real spectrum. We will identify it as the Hamiltonian of a physical system whose state vectors belong to H. The dynamics of the system is then determined by the Schrödinger equation
It is tempting to view H as the Hilbert space for this quantum system. However, in general, H is not a Hermitian operator with respect to the inner product , of H. Hence, the time-evolution generated by H in H will not be unitary.
If we assume that H has a discrete spectrum, then according to Theorem 3 of [4] H is Hermitian with respect to a positive-definite inner product , on H. Like any other inner product on H, , will have the form [13] :
for some Hermitian, invertible, linear operator η + : H → H. The Hermiticity of H with respect to , , i.e.,
is equivalent to its η + -pseudo-Hermiticity [2] :
Moreover, the fact that , is a positive-definite inner product implies that η + is a positive
operator. This in turn means that η + has a positive square root ρ + , i.e., there exists a positive Hermitian operator ρ + : H → H such that
Clearly, ρ + is invertible.
Next, letH denote the span of the eigenvectors of H endowed with the inner product , . As a vector spaceH coincides with H. Therefore we may view ρ + as a linear invertible operator mappingH onto H. We can easily show that for all ψ, φ ∈ H,
Equivalently, we have for all φ ∈ H andψ ∈H,
Comparing this equation with the defining relation for ρ
+ : H →H is a unitary operator; the Hilbert spaces H andH are related by a unitary operator. In particular, for every Hamiltonian operator h defining a time-evolution in H, we may define a Hamiltoniañ
acting inH such that under the action of ρ 
Now, if we seth = H, i.e., view H as a Hamiltonian acting in the Hilbert spaceH, then
will be a Hermitian Hamiltonian acting in the original Hilbert space H. The Hermiticity of h follows from the fact that H is Hermitian with respect to the inner product , onH, and
+ is unitary. By construction, the Hamiltonians H and h are related by a unitary transformation mapping two different Hilbert spaces with the same vector space structure. Using the terminology of [4] , we say that the quantum systems determined by (H, h) and (H, H) are related by a pseudo-canonical transformation. Clearly, they are physically equivalent.
In summary, we have shown that if a quantum system has an exact antilinear symmetry (with an invertible symmetry generator) then one can describe the same system using a Hermitian Hamiltonian. This applies to P T -symmetric systems whose generator is clearly invertible.
The construction of the unitary operator ρ This should not however overshadow the importance of this idea as it suggests the possibility of treating certain nonlocal field theories using equivalent local CPT-symmetric field theories with non-Hermitian Hamiltonians.
In the following we explore the utility of our findings in the study of P T -symmetry in finite dimensions [12] , where
In [12] , the authors explore certain matrix Hamiltonians that they identify with the finitedimensional analogs of the Hamiltonians studied within the context of P T -symmetric quantum mechanics [1] . The analysis of [12] involves considering complex symmetric Hamiltonians H that admit an antilinear symmetry generated by X := P T where P is a real symmetric matrix satisfying P 2 = 1, i.e., it is an involution, and T is complex-conjugation ⋆ (for all ψ ∈ H, ⋆ψ := ψ * .) They outline a construction of the most general real symmetric matrix P which is an involution, impose the condition that H commutes with P T , restrict to the range of parameters of H where the P T -symmetry is exact, and define the indefinite P T -inner product,
where T stands for the transpose and a dot means matrix multiplication. For the case D = 2, they compute the eigenvectors of H, introduce a charge-conjugation operator C, such that H commutes with C and consequently CP T , and show that the CP T -inner product,
is positive-definite. Among the statements made in [12] are Claim 1: A finite-dimensional P T -symmetric Hamiltonian (which is a certain complex symmetric matrix) is not unitarily equivalent to any Hermitian matrix Hamiltonian.
Claim 2: The extension to non-symmetric P T -symmetric matrix Hamiltonians cannot be pursued by the methods of the theory of pseudo-Hermitian operators as outlined in [8] , because they lead to nonunitary evolutions.
In the remainder of this article we show how the general results described above explain the findings reported in [12] , prove that the claims 1. and 2. are false, and discuss an extension of the results of [12] on P T -symmetry in finite-dimensions to nonsymmetric matrix Hamiltonians.
First, we use the fact that T is complex-conjugation and P is a real symmetric involution to show that (P T ) 2 = 1. This together with the observation that H is a P T -symmetric symmetric complex matrix imply
Multiplying both sides of this equation from left and right by P and using P 2 = 1, we have
Hence H is P -pseudo-Hermitian.
Next, let ≺ , ≻ denote the ordinary Euclidean inner product on H = C D , i.e.,
where ψ † := ψ T * . Then in view of Eqs. (9) and (12), and the fact that P is real and symmetric,
Therefore the P T -inner product of [12] is just the pseudo-inner product [2] :
corresponding to the choice η = P .
Because the eigenvalues of H are real, it is η + -pseudo-Hermitian for a positive operator η + , i.e., (4) holds. As discussed in [2, 8] , if we introduce C := η 
i.e., C is a linear symmetry generator. Furthermore, if we repeat the arguments leading to
Eq. (75) of [8] we find that the CP T -inner product is nothing but the η + -inner product:
As a concrete example, we give an explicit construction of η + , P , and C for the 2 × 2
Hamiltonians studied in [8] , namely
where r, s, t, ϕ are real parameters and
We will also compute the Hermitian matrix h that is unitarily equivalent to H.
As pointed out in [12] ,
with a n := sin α 2(1 − n cos α) cos α ,
and α := sin −1 (s/t) ∈ (−π/2, π/2), are linearly independent eigenvectors of H.
We also notice that because H is symmetric,
If we let φ n = nψ * n , we find a pair of linearly independent eigenvectors of H † , namely
that together with ψ n form a complete biorthonormal system {ψ n , φ n } for the Hilbert space
That is they satisfy
where I is the identity matrix. Now, we can compute the positive operator η + , and the generalized parity P and charge conjugation C operators as defined in [8] , namely
Substituting (16) and (18) in these equations, we find
One can directly check that indeed η + and H satisfy (4), i.e., H is η + -pseudo-Hermitian, and that the eigenvalues of η + , which are given by sec α ± tan α = √ 1 + tan 2 α ± tan α, are positive. Moreover, Eqs. (24) and (25) are identical with the expressions for the parity P and the charge-conjugation C given in [12] . We have obtained them by a systematic application of the general results of [8] .
Next, we show that contrary to the claims of [12] the quantum system defined by Hamiltonian (14) is equivalent to a quantum system having a Hermitian Hamiltonian h. For this purpose we calculate the positive square root ρ + of η + . The result is
where
Inserting (14) and (26) in (8), we obtain
This Hamiltonian is a real symmetric matrix, so it is Hermitian as expected. We also see that it is P-symmetric.
A quantum system described by the Hamiltonian H that is viewed as acting in the Hilbert space H obtained by endowing C 2 with the inner product (2), which is the same as the CP T -inner product, may be equally well described by the Hermitian Hamiltonian h viewed as acting in C 2 endowed with the Euclidean inner product (12) . There is simply no advantage in considering the Hamiltonians of the form (14) and imposing the condition that they should generate a unitary time-evolution. This condition leads one to the study of the well-understood two-level Hermitian Hamiltonians [14] .
Next, we wish to point out that the most general P T -symmetric matrix Hamiltonians (with P T to be understood as the generalized parity-time-reversal operator [8] ) are the pseudoHermitian matrices. Among these are the quasi-Hermitian Hamiltonians [15, 8] that have an unbroken P T -symmetry. But these are related to Hermitian Hamiltonians via similarity transformations by invertible matrices. Each matrix Hamiltonian (acting in C D and) having an exact P T -symmetry lives in an orbit of the adjoint action of the group GL(D, C) on the u(D) subalgebra of the Lie algebra Gℓ(D, C). In particular it is diagonalizable. More general P T -symmetric Hamiltonians may or may not be diagonalizable. Because the exponential of i times a pseudo-Hermitian matrix is necessarily pseudo-unitary and all the pseudo-unitary matrices are obtained in this way [9] , one can use the general characterization of pseudounitary matrices given in [9] to determine the number of the independent real parameters in the most general pseudo-Hermitian matrix. Note however that if a pseudo-Hermitian matrix has a broken P T -symmetry so that it has complex eigenvalues or it is not diagonalizable, then
it cannot be used as a Hamiltonian capable of supporting a unitary evolution. In this case one can easily show that there is no positive-definite inner product in which this Hamiltonian is Hermitian. This in turn means [2] that for any choice of positive-definite inner product on that support unitary evolutions provided that the P T -symmetry is not broken.
In [7] , we provide a complete analysis of general 2 × 2 pseudo-Hermitian Hamiltonians.
In particular, we show that the number of free parameters in a traceless diagonalizable 2 × 2 pseudo-Hermitian Hamiltonian having real eigenvalues is 5. Allowing for a nonzero trace is equivalent to adding a pseudo-Hermitian matrix that is proportional to the identity matrix,
i.e., a 0 I for some a 0 ∈ R. Hence the number of free real parameters in the most general diagonalizable 2 × 2 pseudo-Hermitian Hamiltonian H with real eigenvalues is 6. As we show in [8] , we can construct the generalized parity P, time-reversal T , and charge-conjugation C operators and show that H has PT -, C-, and CPT -symmetries. These symmetry generators are involutions, i.e., (PT ) 2 = C 2 = (CPT ) 2 = I. However, the operators P and T are involutions (P 2 = T 2 = I) provided that the eigenvectors of H and H † fulfill certain conditions (See statement 6 of Lemma 1 in [8] .) In the following, instead of trying to satisfy these conditions, we will first identify T with complex-conjugation ⋆ and use a direct method to construct the most general 2 × 2 matrix Hamiltonian admitting an exact P T -symmetry for an indefinite
Hermitian involution P (This means that P † = P = P −1 and P has real eigenvalues of opposite sign.), so that P T is also an involution. We will then extend our analysis to the most general case where T is an arbitrary Hermitian, antilinear, involution. Let T = ⋆, then the equation (P T ) 2 = I may be written as P = ⋆P ⋆ = P * . Therefore, P is a real Hermitian (equivalently a real symmetric) matrix. Moreover, the condition that P is an indefinite involution implies that its eigenvalues are ±1. This is sufficient to establish that
where σ 3 is the diagonal Pauli matrix (See (29) below.) and O is some special orthogonal matrix, i.e., O ∈ SO(2). O is in particular unitary and as any other unitary matrix may be written as the exponential of i times a linear combination of the Pauli matrices:
The fact that O is a real matrix then implies that it has the form
for some ϕ ∈ [0, 2π). Inserting (30) in (28), we have
To establish the second equality in (31) we used the identity [14] :
where ϑ ∈ C and ǫ ijk is the totally antisymmetric Levi-Civita symbol with ǫ 123 = 1. Eq. (31) is identical to (24), as expected [12] .
Next, we note that the P T -symmetry of H (i.e., [H, P T ] = 0) together with (P T ) 2 = 1 and P 2 = 1 imply
Defining
and using (28), (30), and (33), we find
As any 2 × 2 complex matrix, H 0 may be written as a linear combination of the identity matrix and the Pauli matrices,
Substituting this equation in (35) and using (29) we see that a 0 , a 2 , a 3 must be real and a 1 must be imaginary.
Letting α 1 := ia 1 ∈ R, we then have
Next, we use (30), (32), (34) and (36) to compute
If we relabel the parameters according to
and insert (29) in (37), we obtain
As seen from this equation, H has 5 free real parameters. The condition of the exactness of the P T -symmetry implies that the eigenvalues of H are real. These are also the eigenvalues of H 0 .
The fact that the eigenvalues of H 0 are real implies that the determinant of the traceless part of H 0 must be either zero or negative. In view of (36) this yields
, either H = H 0 = 0 or H 0 and consequently H are not diagonalizable [7] .
Requiring that H is a nonzero diagonalizable Hamiltonian so that it supports a nontrivial (nonstationary) unitary time-evolution (with respect to some positive-definite inner product on C 2 ) is equivalent to the condition s 2 − t 2 − u 2 < 0, alternatively
Hamiltonians (27); in view of (8) and (43) we have
+ is the matrix (26) with α ∈ (−π/2, π/2) given by α = sin −1 (s/t ′ ), and h ′ is the Hamiltonian (27) with t replaced by t ′ . Because U 1 is a unitary matrix, U 2 viewed as an operator mapping C 2 endowed with the inner product (2) to C 2 endowed with the Euclidean inner product (12) is unitary. Therefore, Eq. (44) establishes the unitary-equivalence of the Hamiltonians (38) to the Hermitian Hamiltonians of the form (27).
Next, we wish to construct the most general 2 × 2 Hamiltonians admitting an exact P Tsymmetry such that P and T are general Hermitian (respectively linear and antilinear) commuting involutions. To do this, we first recall that the Hermiticity condition for an antilinear operator T has the form [16]
and that any antilinear operator acting in C 2 may be expressed as
for some linear operator τ : C 2 → C 2 . Then imposing the condition that T is an involution,
i.e., T 2 = 1 and using (45), we can show that
In other words, τ is a complex, symmetric, unitary matrix. Writing τ as the exponential of i times a linear combination of I and the Pauli matrices and requiring that it is symmetric yields the general form of τ , namely
where γ, ξ, ζ ∈ [0, 2π).
Next, we introduce the unitary symmetric matrix
Then in view of the identity
where ̺ ∈ R and n i are the components of a unit vectorn ∈ R 3 , we can check that
Substituting this equation in (46) and making use of the fact that U is both unitary and symmetric, so that U * = U † = U −1 , we have
Eqs. (51) reduce the analysis of the general P T -symmetric 2 × 2 Hamiltonians H with T given by (46) to that of the Hamiltonians (38). In order to see this, we introducě
In view of the fact that U is a unitary matrix, it is easy to see thatP is an indefinite Hermitian involution,PŤ is an antilinear involution (so that [P ,Ť ] = 0) and thatȞ has an exactPŤ -symmetry. BecauseŤ = ⋆, the matricesP andȞ have the general form (31) and (38) respectively. Therefore, according to (52) the most general 2 × 2 Hamiltonian admitting an exact P T -symmetry such that P and T are general Hermitian (respectively linear and antilinear) commuting involutions is given by
where U is the unitary matrix (49) andȞ is given by the right-hand side of (38).
BecauseȞ is a Hamiltonian of the form (38), according to (44) it may be mapped to a Hermitian Hamiltonian of the form (27) by a unitary transformation. This observation together with Eq. (53) and the fact that U is a unitary matrix, indicate that the most general 2 × 2 Hamiltonian having exact P T -symmetry is related to a Hermitian 2 × 2 Hamiltonian by a unitary transformation.
In this article we showed that if the Hamiltonian of a quantum system has an exact P Tsymmetry and supports a unitary time-evolution, then the same system may be described using a Hermitian Hamiltonian. This provides the following answer to the question: "Must a Hamiltonian be Hermitian?" posed in the title of [17] : 'The Hamiltonian need not be Hermitian in a given inner product, but if one demands unitarity then one can describe the same quantum system using a Hermitian Hamiltonian.'
If the Hilbert space is finite-dimensional, in general, there is no practical difference between non-Hermitian Hamiltonians supporting unitary evolutions and Hermitian Hamiltonians. For the case that the Hilbert space is an infinite-dimensional function space, again such a nonHermitian Hamiltonian can be mapped to a physically equivalent Hermitian Hamiltonian. But the latter is generally a nonlocal (non-differential) operator. In other words, a local Hamiltonian which is non-Hermitian with respect to a given (positive-definite) inner product ≺ , ≻ will support a unitary evolution with respect to another (positive-definite) , inner product if and only if it is physically equivalent to a Hamiltonian which is Hermitian with respect to the original inner product ≺ , ≻. The only advantage of exploring exact P T -symmetric (quasi-Hermitian) Hamiltonians is that the corresponding equivalent Hermitian Hamiltonians may be nonlocal operators whose study is generally more difficult. This observation also suggests a similar scenario for the non-Hermitian CP T -symmetric local field theories, namely that such a theory is equivalent to a Hermitian nonlocal field theory. A direct implication of this statement is that non-Hermitian CP T -symmetric local field theories are expected to share the appealing properties of nonlocal field theories, but since they are local field theories they may prove to be much simpler to study.
Finally, we wish to point out that one can also consider time-dependent exact P T -symmetric (quasi-Hermitian) Hamiltonians. The issue of the unitarity of the time-evolution for this kind of Hamiltonians is more subtle. It plays an interesting role in the solution of the Hilbert space problem for certain quantum cosmological models [18] .
